We point out a simplifying but mildly inconsistent assumption of the Perdew-Burke-Ernzerhof ͑PBE͒ correlation functional, which should be corrected when evaluating the high-density limit of the PBE energy for nonsinglet systems under uniform density scaling. The discussion also concerns high-density limits of all density functionals that use PBE as an ingredient, including the Tao-Perdew-Staroverov-Scuseria ͑TPSS͒ approximation. We revisit the nonrelativistic correlation energies of isoelectronic atomic ions in the limit of infinite nuclear charge and explain small discrepancies between the PBE and TPSS values of these limits existing in the literature. Since its appearance in 1996, the generalized gradient approximation ͑GGA͒ of Perdew, Burke, and Ernzerhof ͑PBE͒ ͓1͔ for exchange-correlation energy has been used in thousands of published density-functional calculations. The PBE GGA contains as an ingredient the Perdew-Wang analytic representation ͓2͔ of the local spin-density approximation ͑LSDA͒ for the correlation energy of a uniform electron gas. In turn, PBE is an ingredient of other functionals such as the meta-GGA of Perdew, Kurth, Zupan, and Blaha ͑PKZB͒ ͓3͔ and the meta-GGA of Tao, Perdew, Staroverov, and Scuseria ͑TPSS͒ ͓4͔.
Since its appearance in 1996, the generalized gradient approximation ͑GGA͒ of Perdew, Burke, and Ernzerhof ͑PBE͒ ͓1͔ for exchange-correlation energy has been used in thousands of published density-functional calculations. The PBE GGA contains as an ingredient the Perdew-Wang analytic representation ͓2͔ of the local spin-density approximation ͑LSDA͒ for the correlation energy of a uniform electron gas. In turn, PBE is an ingredient of other functionals such as the meta-GGA of Perdew, Kurth, Zupan, and Blaha ͑PKZB͒ ͓3͔ and the meta-GGA of Tao, Perdew, Staroverov, and Scuseria ͑TPSS͒ ͓4͔.
The PBE GGA starts from the real-space cutoff of the gradient expansion for the correlation hole ͓5,6͔ and then imposes the exact constraint that the correlation energy of a finite system must approach a finite constant ͓7͔ as the density is scaled uniformly to the high-density limit. In this Brief Report, we point out that, as a result of simplifications made in Ref. ͓1͔, this constraint is satisfied by PBE, PKZB, and TPSS exactly only for systems that are fully spincompensated or fully spin-polarized. Moreover, Eq. ͑9͒ of Ref. ͓1͔ presents a simplified high-density limit that is only exact for fully spin-compensated systems. We also show here how PBE may be modified to achieve a finite highdensity limit for general spin polarizations. This Brief Report is also relevant to the separation of the PBE correlation energy into a random-phase-approximation part and a short-range correction ͓8͔.
To get to the heart of the matter, we need to begin with the LSDA. The Perdew-Wang representation of the LSDA correlation energy per electron is given ͓2͔ by
where r s = ͑3/4n͒ 1/3 a 0 −1 is the dimensionless Seitz radius, a 0 is the Bohr radius, n = n ↑ + n ↓ , where n ↑ and n ↓ are the upand down-spin electron densities, = ͑n ↑ − n ↓ ͒ / n is the spin polarization, and
is a spin-interpolation function. Atomic units ͑ប = e 2 = a 0 =1͒ are used here and throughout. 
where the two leading coefficients c 0 = C and c 1 =−2c 0 ln͑2c 0 ␤ 1 ͒ are known from analytic calculations to be c 0 
͑7͒
The PBE correlation energy per electron is given by
where t = ͉١n͉ /2k s n is a dimensionless density gradient with k s =2͑k F / a 0 ͒ 1/2 and k F = ͑3 2 n͒ 1/3 . The term H is the gradient correction
is a spin-scaling factor ͓9͔
A is a variable given by
where ␤ = 0.066725 hartree. The high-density LSDA expansion coefficients c 0 and c 1 appear in PBE disguised as the parameters
either explicitly or through the ⑀ c LSDA of Eq. ͑11͒. Both ␥͑͒ and ͑͒ are weak functions of the spin polarization, as shown in Fig. 1 . The original definition of the PBE functional ͓1͔, however, replaces ␥͑͒ in Eqs. ͑9͒ and ͑11͒ with its = 0 value, ␥͑0͒ = 0.031 091. The high-density limit of PBE as given by Eq. ͑9͒ of Ref. ͓1͔ further replaces ͑͒ by ͑0͒ = 0.046 644. At the same time, the ⑀ c LSDA ͑r s , ͒ appearing in Eqs. ͑8͒ and ͑11͒ still treats ␥͑͒ and ͑͒ as functions. In what follows, we will refer to the simplified ͑original͒ form of the PBE functional as form I ͑PBE-I͒. All proper implementations of PBE in electronic structure codes ͑e.g., GAUSSIAN͒ are PBE-I.
Under uniform density scaling n ͑r͒ = 3 n͑r͒ of each spin density n ͑r͒, the LSDA correlation energy at large becomes
Therefore, lim →ϱ E c LSDA ͓n ͔ =−ϱ. The gradient-dependent term H in Eq. ͑8͒ is supposed to cancel this logarithmic singularity, so that
where all or nearly all quantities in the integrand refer to the unscaled density n͑r͒. For example, s = ͉١n͉ /2k F n is another dimensionless density gradient and r s is for the unscaled density also. Since ␥ and in PBE-I are treated as constants in Eqs. ͑9͒ and ͑11͒ and as variables in ⑀ c LSDA ͑r s , ͒, the limit of Eq. ͑14͒ does not always exist. In fact, at large the variable behaves as
where c = ͑3 2 /16͒ 1/3 , so that at large the right-hand side of Eq. ͑14͒ becomes
where ͑x͒ is the step function: ͑x͒ = 0 for x Ͻ 0 and 1 for x Ͼ 0. Thus, the form PBE-I generally diverges under uniform density scaling in the → ϱ limit. Most but not all of the LSDA divergence of Eq. ͑13͒ is canceled in Eq. ͑16͒. Nevertheless, for densities such that ␥͑͒ = ␥͑0͒ at all points, i.e., fully spin-compensated ͑ =0͒ and fully spin-polarized ͑ = ±1͒ densities, the high-density limit of PBE-I exists and is given by Eq. ͑14͒ in which is replaced by The high-density limit of PBE as given by Ref. ͓1͔ assumes ␥͑͒ = ␥͑0͒ and ͑͒ = ͑0͒ everywhere and is obtained by replacing in Eq. ͑14͒ with
General implementation of the modified PBE functional ͑PBE-II͒ that has the above high-density limit would require a modification of ⑀ c LSDA ͑r s , ͒ that makes ␥ and equal to ␥͑0͒ and ͑0͒ for all .
A third possibility is to use ␥͑͒ and ͑͒ everywhere, i.e., in Eqs. ͑9͒ and ͑11͒, and in ⑀ c LSDA ͑r s , ͒. We call this form PBE-III. The high-density limit of PBE-III is obtained by replacing ␥͑0͒ in Eq. ͑14͒ by ␥͑͒ and by
It is clear that for singlet states ͑ =0͒, the forms PBE-I, PBE-II, and PBE-III are identical. For nonsinglet states ͑ 0͒, however, they will generally produce different energies. Similar conclusions apply to all correlation functionals that are based on PBE, particularly the PKZB and TPSS meta-GGAs, with one important distinction. Both PKZB and TPSS contain, in addition to ⑀ c PBE ͑n ↑ , n ↓ , ١n ↑ , ١n ↓ ͒, self-interaction-correcting ingredients of the type ⑀ c PBE ͑n ,0,١n ,0͒. Thus, PKZB and TPSS correlation energies always depend on ⑀ c PBE for fully spin-polarized ͑ = ±1͒ densities, even for singlet states. This means that the PKZB and TPSS correlation energies based on PBE form II will be different from forms I and III for any spin state.
Recently we have studied the PBE, PKZB, and TPSS correlation energies of isoelectronic atomic ion series as functions of the nuclear charge Z ͓12͔. For electron configurations that remain nondegenerate in the limit Z → ϱ, the correlation energy in each series approaches a constant c 2 with increasing Z. This constant can be determined as the high-density limit of the correlation energy transformed under uniform density scaling, that is, c 2 = lim →ϱ E c ͓n ͔, where n ͑r͒ = 3 n͑r͒ and n͑r͒ is the N-electron hydrogenic density.
In Ref. ͓12͔, we tacitly assumed the form PBE-II. In this work, we have recomputed the c 2 PBE , c 2 PKZB , and c 2 TPSS values for all three PBE forms. As Table I shows, differences between the PBE forms II and III vanish for singlet electron configurations and do not exceed 2% for nonsinglets. For PKZB and TPSS, however, the difference between forms II and III can be as large as 5% because of the presence of the terms ⑀ c PBE ͑n ,0,١n ,0͒, which are much more sensitive to the replacement of ͑͒ by ͑0͒ than is
Several other workers ͓13,14͔ have also reported high-Z PBE and PBE-related correlation energy limits for isoelectronic atomic ions. The PBE limits of Ivanov and Levy ͓13͔ are based on the PBE form II, while the PBE and TPSS high-density limits for the He atom reported by Katriel et al. ͓14͔ are based on the PBE form III.
In conclusion, we have shown that under uniform density scaling to the high-density limit, the PBE correlation energy as defined in Ref. ͓1͔ approaches a finite constant only for spin-compensated and fully spin-polarized densities but diverges for general densities. Consequently, when studying the high-density limits of PBE and PBE-based functionals for nonsinglets, one should modify the original definition of PBE by replacing ␥͑0͒ and ͑0͒ everywhere with ␥͑͒ and ͑͒, that is, switch from form I to form III. As shown in Table I , this choice improves the overall agreement of PKZB and TPSS with "exact" values. For other purposes, this modification represents an unnecessary complication and the original PBE-I form of Ref. ͓1͔ should be used. The unmodified PBE and TPSS predict plausible correlation energies for neutral rare-gas atoms of large Z ͓15͔ and should be satisfactory even for spin-polarized heavy atoms because the high-density regions are predominantly spin-compensated. 
